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FORCING A CLASSIFICATION OF NON-TORSION ABELIAN GROUPS
OF SIZE AT MOST 2c WITH NON-TRIVIAL CONVERGENT
SEQUENCES
MATHEUS KOVEROFF BELLINI, VINICIUS DE OLIVEIRA RODRIGUES,
AND ARTUR HIDEYUKI TOMITA
Abstract. We force a classification of all the Abelian groups of cardinality at most 2c that
admit a countably compact group with a non-trivial convergent sequence. In particular, we
answer (consistently) Question 24 of Dikranjan and Shakhmatov [10] for cardinality at most
2c, by showing that if a non-torsion Abelian group of size at most 2c admits a countably
compact Hausdorff group topology, then it admits a countably compact Hausdorff group
topology with non-trivial convergent sequences.
1. Introduction
1.1. Some history. There are three natural questions concerning countably compact
Abelian group without non-trivial convergent sequences that can be asked separately or
jointly.
1) What groups admit such topologies?
2) How large they can be?
3) Do they exist in ZFC?
Question 1 was solved under Martin’s Axiom in [11] for Abelian groups of cardinality c.
This was later improved in [2] under the use of c selective ultrafilters.
Dikranjan and Shakhmatov [9] used a forcing model to classify all Abelian groups of
cardinality at most 2c that admit a countably compact group topology (without non-trivial
convergent sequences).
Question 2 was solved for torsion groups in Castro-Pereira and Tomita [8]. They classified,
using some cardinal arithmetic and the existence of a selective ultrafilter p, all the torsion
groups that admit a p-compact group topology (without non-trivial convergent sequences).
This gave the first arbitrarily large countably compact groups without non-trivial convergent
sequences. Earlier examples had their size limited to 2c
Question 3 is the best known question in the subject. It has been finally answered by M.
Hrusak, U. A. Ramos-Garcia, J. van Mill and S. Shelah in [19]. The main new ingredient in
the ZFC construction is the use of a clever filter which takes care of the combinatorics that
guarantee the existence of accumulation points. This new idea has yet two limitations, the
construction depends on the use of a group of finite order and the example has cardinality
c. It is not yet known if the example could be improved to obtain an example of cardinality
strictly greater than c. These questions appear in their article:
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Problem 1.1. Are there larger countably compact groups without non-trivial convergent
sequences in ZFC?
Problem 1.2. Is there a torsion-free countably compact group without non-trivial
convergent sequences in ZFC?
Due to this last question, we are still far from a classification (in ZFC) of countably
compact Abelian groups with no convergent sequences of cardinality c. And due to the first
question, we are even farther from a classification of group of cardinality ≤ 2c in ZFC.
To these questions, one can add an interesting question from Dikranjan and Shakhmatov
[10], Question 24 whether an infinite group admitting a countably compact Hausdorff group
topology can be endowed with a countably compact Hausdorff group topology that contains a
non-trivial convergent sequence. It is well-known the difficult to construct countably compact
groups without nontrivial convergent sequences, but once there was progress to classify them,
it became natural to ask how hard would it be to add a convergent sequence. They also
asked a similar question for pseudocompact groups, which was answered by Galindo, Garcia-
Ferreira and Tomita [12].
In [12], it was also noted that, in ZFC, if a torsion Abelian group admits a countably
compact group topology then it admits a countably compact group topology with an infinite
compact metric subgroup, so, in particular, with a non-trivial convergent sequence. Thus,
the real difficult for Dikranjan and Shakhmatov’s question is about non-torsion groups.
Using the example in [8], it is consistent that every torsion group admits a countably
compact group topology if and only if admits a countably compact group topology without
non-trivial convergent sequences if and only if it admits a countably compact group topology
with a non-trivial convergent sequence.
Boero, Garcia-Ferreira and Tomita [6] showed that the existence of c selective ultrafilters
implies that the free Abelian group of size c admits a group topology that makes it countably
compact with a non-trivial convergent sequence. Bellini, Boero, Castro-Pereira, Rodrigues
and Tomita [1] showed from p = c that every non-torsion Abelian group of cardinality c
that admits a countably compact group topology also admits one which in addition has a
convergent sequence. Bellini, Boero, Rodrigues and Tomita [2] showed from the existence
of 2c selective ultrafilters that every Abelian group of cardinality c as above admits 2c non-
homeormorphic such topologies with or without convergent sequences and any given weight
of cardinality between c and 2c. It also provided a countably compact group topology, one
with and other without non-trivial convergent sequences, for some (but not all) non-torsion
groups of cardinality 2c.
In their forcing model, Dikranjan and Shakhmatov [9] showed a non-torsion Abelian group
of cardinality at most 2c admits a countably compact group topology (without non-trivial
convergent sequences) if and only if the free rank of G is ≥ c and, for all d, n ∈ N with d | n,
the group dG[n] is either finite or has cardinality ≥ c. Forcing is used to prove the ‘only if’
of the equivalence, whereas the other implication holds in ZFC.
We will use here the ZFC implication. In the forcing examples to produce groups without
non-trivial convergent sequences it is used some ideas closely related to the construction of
HFD groups. We have to proceed differently to make a sequence converge.
1.2. Basic results, notation and terminology. We recall that a T1 topological space is
countably compact if every infinite subspace has an accumulation point in the space.
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The following definition was introduced in [4] and is closely related to countable
compactness.
Definition 1.3. Let p be a free ultrafilter on ω and let s : ω → X be a sequence in a
topological space X . We say that x ∈ X is a p-limit point of s if, for every neighborhood U
of s, {n ∈ ω : s(n) ∈ U} ∈ p.
We say a topological space is p-compact if every sequence into it has a p-limit point. 
If X is a Hausdorff space a sequence s has at most one p-limit point x and we write
x = p-lim s.
The set of all free ultrafilters on ω will be denoted by ω∗. It is not difficult to show that a
T1 topological space X is countably compact if and only if, each sequence in X there exists
p ∈ ω∗ such that s has a p-limit point. There are several similarities between the theories of
limits of sequences and of p-limits.
Proposition 1.4. If p ∈ ω∗ and (Xi : i ∈ I) is a family of topological spaces, then
(yi)i∈I ∈
∏
i∈I Xi is a p-limit point of a sequence ((x
n
i )i∈I : n ∈ ω) in
∏
i∈I Xi if, and
only if, yi = p− lim(x
n
i : n ∈ ω) for every i ∈ I. 
The following proposition is straightforward to prove. A proof can be found in [14]
(Theorem 3.54).
Proposition 1.5. Let X , Y be topological spaces and f : X → Y be a continuous function,
s : ω → X be a sequence in X and p ∈ ω∗. It follows that if x = p-lim(sn : n ∈ ω), then
f(x) = p-lim(f(sn) : n ∈ ω). 
Since + and − are continuous functions in topological groups, it follows from the two
previous propositions that:
Proposition 1.6. Let G be a topological group and p ∈ ω∗.
(1) If (xn : n ∈ ω) and (yn : n ∈ ω) are sequences in G and x, y ∈ G are such that x =
p− lim(xn : n ∈ ω) and y = p− lim(yn : n ∈ ω), then x+y = p− lim(xn+yn : n ∈ ω);
(2) If (xn : n ∈ ω) is a sequence in G and x ∈ G is such that x = p − lim(xn : n ∈ ω),
then −x = p− lim(−xn : n ∈ ω). 
A pseudointersection of a family G of sets is an infinite set that is almost contained in
every member of G. We say that a family G of infinite sets has the strong finite intersection
property (SFIP, for short) if every finite subfamily of G has infinite intersection.
We denote the set of positive natural numbers by N, the integers by Z, the rationals by Q
and the reals by R. The unit circle group T will be identified with the metric group (R/Z, δ)
where δ is given by δ(x + Z, y + Z) = min{|x− y + a| : a ∈ Z} for every x, y ∈ R. Given a
subset A of T, we will denote by δ(A) the diameter of A with respect to the metric δ. The
set of all non-empty open arcs of T will be denoted by B.
Let X be a set and (G,+, 0) be a group. We denote by GX the product
∏
x∈X Gx where
Gx = G for every x ∈ X . The support of g ∈ G
X is the set {x ∈ X : g(x) 6= 0}, which
will be designated as supp g. The set {g ∈ GX : | supp g| < ω} will be denoted by G(X). If
f : ω → G(X) is a sequence, then supp f =
⋃
n∈ω supp f(n).
The torsion part T (G) of an Abelian group G is the set {x ∈ G : nx = 0 for some n ∈ N}.
Clearly, T (G) is a subgroup of G. For every n ∈ N, we put G[n] = {x ∈ G : nx = 0}. In
the case G = G[n], we say that G is of exponent n provided that n is the minimal positive
integer with this property. The order of an element x ∈ G will be denoted by o(x).
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A non-empty subset S of an Abelian group G is said to be independent if 0 6∈ S and, given
distinct elements s1, . . . , sn of S and integers m1, . . . , mn, the relation m1s1+ . . .+mnsn = 0
implies that misi = 0, for all i. The free rank r(G) of G is the cardinality of a maximal
independent subset of G such that all of its elements have infinite order. It is easy to verify
that r(G) = |G/T (G)| if r(G) is infinite.
An Abelian group G is called divisible if, for each g ∈ G and each n ∈ N\{0}, there exists
x ∈ G such that nx = g. If n ∈ N, we denote by G[n] the set {x ∈ G : nx = 0}.
The proof of the next three results are well known basic results of the theory of divisible
groups can be found in [18].
Proposition 1.7. Let G be an Abelian group, H be a subgroup of G, G˜ be a divisible group
and f : H → G˜ be a group homomorphism. There exists a group homomorphism F : G→ G˜
such that F ↾H= f . 
The group Q/Z is called the quasicyclic group.
Theorem 1.8. An Abelian group is divisible if and only if, it is isomorphic to a direct sum
of copies of Q and of quasicyclic groups. 
Theorem 1.9. Every Abelian group is isomorphic to a subgroup of a divisible group.
2. The groups for the immersion
We present some of the notation that will be used throughout this article.
We fix a partition {P0, P1} of c such that |P0| = |P1| = c, and ω + 1 ⊆ P1. Let
{R0, R1} be a partition of 2
c \ c such that |R0| = |R1| = 2
c. Define U = Q(R0) ⊕ Q(R1)
and U = (Q/Z)(R0) ⊕Q(R1).
We define W = (Q/Z)(P0×ω) ⊕Q(P1) ⊕U. We also let X = Q(P0×ω) ⊕Q(P1) ⊕ U.
Throughout this work, the main group will be X = ⊕n>1,m≥1(Q/Z)
(Cn,m×m) ⊕Q(P1) ⊕U,
where {Cn,m : n > 1, m ≥ 1} is a partition of P0 into pieces of cardinality c and
C0 =
⋃
m,n>1Cn,m is such that P0 \ C0 =
⋃
n>1Cn,1 has cardinality c. We will also define
C1 ⊆ P1 with |C1| = c, ω ⊆ C1 and |P1 \ C1| = c. To simplify the notation of the forcing
later we will also partition C1 as {C1,m : m > 1} and let C1,1 = P1 \ C1.
2.1. Structure of the article. We use forcing to construct an injective group
homomorphism Φ : X → Tc. The range of this homomorphism will be countably compact
and have convergent sequences. Each forcing condition will be a partial countable piece of
this homomorphism, and the existence of suitable conditions was proved in [1].
Of course, not every subgroup of X is countably compact. However, we show that if H
is a group such that 2c ≥ |H| = r(H) = c and for all d, n ∈ N with d | n, the group dH [n]
is either finite or has cardinality at least c, then it is isomorphic to a subgroup of X that
is countably compact and has convergent sequences considering the subspace topology of X
generated by Φ. To show that such a copy exists, we define the concept of large subgroup of
X , which was inspired by the concept of nice immersion we defined in [1]. This concludes
the classification.
The convergent sequences will be the sequences (n!
S
χn : n ∈ ω) in G ⊆ X (identifying G
with its copy in X), for each positive integer S and they will converge to 0.
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2.2. More notation. Given w ∈ W or w ∈ X, x ∈ (P0 × ω) ∪ R0 and y ∈ P1 ∪ R1, we
denote by w(x) the x-th coordinate of w and w(y) the y-th of w, so the functions w → w(x)
and w → w(y) are the natural projections.
We also fix well defined numerators and denominators for fractions: if r ∈ Q/Z, then p(r)
and q(r) are the unique integers p, q such that q > 0, gcd(p, q) = 1, 0 ≤ p < q and r = p
q
+Z.
Likewise, if r ∈ Q, p(r) and q(r) are the unique integers p, q such that q > 0, gcd(p, q) = 1
and r = p
q
.
Given w ∈W (or w ∈ X), we denote by w0 and w1 the unique elements of W (or X) such
that suppw0 ⊆ ((P0 × ω) ∪ R0), suppw
1 ⊆ P1 ∪ R1 and w = w
0 + w1, that is, w → w0 is
the natural projections into (Q/Z)((P0×ω)∪R0) (or Q((P0×ω)∪R0)) and w → w1 is the natural
projection into Q(P1∪R1). Also, we call w1,0 and w1,1 the natural projections of w onto Q(ω)
and Q((P1∪R1)\ω), respectively.
We also define p(w) = max{|p(w(z))| : z ∈ suppw} and q(w) = max{q(w(z)) : z ∈
suppw} if w 6= 0. We define p(0) = 0 and q(0) = 0.
Similarly, given g : ω → W (or X), we define g0, g1, g1,0 and g1,1. So g = g0 + g1 =
g0 + g1,0 + g1,1, supp g0 ⊆ ((P0 × ω) ∪ R0), supp g
1 ⊆ P1 ∪ R1, supp g
1,0 ⊆ ω and
supp g1,1 ⊆ (P1 ∪ R1) \ ω; where supp h =
⋃
{supp h(k) : k ∈ ω} for a sequence h.
It will be useful to be able to easily transform an element of X into an element ofW. Thus,
given w ∈ X, we define [w] as the unique element ofW such that for every x ∈ (P0×ω)∪(R0),
[w](x) = w(x) + Z and for every y ∈ P1 ∪ R1, [w](y) = w(y). Clearly, the function w → [w]
is a group homomorphism from X onto W. Given a function g : ω → X, we also define
[g] : ω →W be given by [g](n) = [g(n)] for every n ∈ ω.
3. Types of sequences
3.1. Associating sequences to a type. We will make some minor adjustments to the
definition of the types defined in [1] to be able to work with larger groups. Basically, we
define all the types on W as in [1]. However, the group W used in [1] is not the same group
W we are using in this article, since there W does not have the component U.
In this section we define the 11 types of sequences related to a a subgroup G of W and
state the theorem that every sequence is related to one of them.
The name of the sequences which are of one of these 11 types of sequences for G (which
will be defined in the following subsections) by HG.
The main result we will state in this section is the following, which, in particular, implies
that when working with the existence of accumulation points for a sequence, by passing to
a subsequence it is enough to guarantee the existence of an accumulation point for the 11
types and the convergence of the sequence of (n!
S
χn : n ∈ ω) to 0 for each positive integer S.
The proof is the same as the proof of Theorem 3.1. of [1] and is omitted, although the W is
different.
Theorem 3.1. Let f : ω → W is given by f(n) = n!χn for every n ∈ ω. Let G be a
subgroup of W containing (0, χn) for every n ∈ ω. Let g : ω → X with [g] ∈ G
ω.
Then there exists h : ω → X such that h ∈ HG or [h] is constant and in G, c ∈ X with
[c] ∈ G, F ∈ [ω]<ω, pi, qi ∈ Z with qi 6= 0 for every i ∈ F , (ji : i ∈ F ) increasing enumerations
of subsets of ω and j : ω → ω strictly increasing such that
g ◦ j = h+ c +
∑
i∈F
pi
qi
f ◦ ji
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with qi ≤ ji(n) for each n ∈ ω and i ∈ F (which implies [
1
qi
f ◦ ji] ∈ G
ω since qi|((ji(n))!)
for each i ∈ F and n ∈ ω). 
3.2. The types. Each type uses some point of the support and the supports are divided in
three groups.
Definition 3.2 (The types related to (R1 ∪P1) \ ω). Let G be a subgroup of W. We define
the first three types of sequence (with respect to G) as follows: Let g : ω → X be such that
[g(n)] ∈ G, for every n ∈ ω.
We say that g is of type 1 if supp g1,1(n) \ ∪m<n supp g
1,1(m) 6= ∅, for every n ∈ ω.
We say that g is of type 2 if q(g1,1(n)) > n, for every n ∈ ω.
We say that g is of type 3 if {q(g1,1(n)) : n ∈ ω} is bounded and |p(g1,1(n))| > n, for every
n ∈ ω. 
Definition 3.3 (The types related to ω). Let G ⊆ W be a subgroup such that {[χn] : n ∈
ω} ⊆ G. Let g : ω → X be such that [g(n)] ∈ G, for every n ∈ ω. Then we define types 4 to
9 (with respect to G) as follows:
We say that g is of type 4 if q(g(n)) > n, for every n ∈ ω.
We say that g is of type 5 if there existsM ∈
⋂
n∈ω supp g
1,0(n) such that {q(g(n)) : n ∈ ω}
is bounded and |p(g(n)(M))| > n, for every n ∈ ω.
To define types 6, 7 and 8, suppose g is such that for each n ∈ ω, there exists
Mn ∈ supp g
1,0(n) \ ∪m<n supp g
1,0(m) such that(
g(n)(Mn)
Mn!
: n ∈ ω
)
is a 1-1 sequence that converges to some u ∈ (R \Q) ∪ {−∞, 0,∞}.
We say that g is of type 6 if u = 0.
We say that g is of type 7 if u ∈ R \Q.
We say that g is of type 8 if u is ∞ or −∞.
We say that g is of type 9 if
{
g(n)(M)
M !
: M ∈ supp g1,0(n), n ∈ ω
}
is finite and
| supp g1,0(n)| > n for every n ∈ ω. 
Definition 3.4 (The types related to ~P0 ∪R0). We define types 10 and 11 (with respect to
G) as follows: Let g : ω → X be such that supp g(n) ⊆ R0 ∪ (P0 × ω) and [g(n)] ∈ G for
each n ∈ ω
We say that g is of type 10 if q(g0(n)) > n, for every n ∈ ω.
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We say that g is of type 11 if the family {[g(n)] : n ∈ ω} is an independent family whose
elements have a fixed order k, for some positive integer k. 
Notice that if G is a subgroup of X then HG = G
ω ∩ HX. We also set H = HX.
The following lemma is easy to verify and left to the reader.
Lemma 3.5. Being a sequence of one of the types is absolute for transitive models of ZFC.
4. The Partial order and the topology in the forcing extension
In this section we define the forcing poset and prove its basic properties.
4.1. Countable homomorphisms. In this subsection, we will state a theorem that
guarantees (in ZFC) the existence of partial homomorphisms defined on countable subgroups
of X. The statement of this theorem is very similar to Proposition 4.3. of [1] and has a
completely analogous proof, therefore we omit it. The only difference is that in [1] the
countable subset of H was not indexed and that proposition was originally stated for 1-1
indexations, but the proof is the same if one allows any sequence.
Proposition 4.1. Let E be a countable subset of 2c containing ω, e ∈ XE with e 6= 0, a
countable {gk : k ∈ ω} ⊆ HXE and Ak infinite subsets of ω for each k ∈ ω.
Fix a family (ck : k ∈ ω) of elements of XE such that [ck] ∈ XE, ck is a non torsion element
if gk is of one of types from 1 to 10, and [ck] has the same order as [gk] if gk is of type 11.
Then there exists a homomorphism ρ : XE → T such that:
(1) ρ(e) 6= 0,
(2) for each k ∈ ω, there exists Bk ⊆ Ak infinite such that (ρ([gk(n)]))n∈Bk converges to
ρ([ck]), and
(3)
(
ρ
(
n!
S
χn
)
: n ∈ ω
)
converges to 0 ∈ T, for every integer S > 0.
Now we are ready to define the forcing poset we are going to use.
Definition 4.2. We define P as the set of the tuples of the form (E, α, φ,G, c, A) such that:
• E is a countable subset of 2c containing ω,
• α < c,
• G = (Gn,m : {(n,m) : n ≥ 1, m > 1}) is such that each Gn,m is a countable subset of
H, where the types are defined with respect to XE. If n = 1, the elements of Gn,m
are sequences of types 1-10. If not, they are all of type 11 and order n.
• A = (An,m,g : n ≥ 1, m > 1, g ∈ Gn,m) is such that each An,m,g is an infinite subset of
ω,
• c = (cn,m,g : n ≥ 1, m > 1, g ∈ Gn,m) is a family of elements of XE,
• if n,m ≥ 2 and g ∈ Gn,m, cn,m,g is an element of order n with cn,m,g = [
1
n
χ(µ,0)] for
some µ ∈ Cn,m,
• if m ≥ 2 and g ∈ G1,m, c1,m,g = [χ(µ)] for some µ ∈ C1,m,
• φ : XE → T
α is an homomorphism,
• (φ([g(k)]))k∈An,m,g converges to φ(cn,m,g) for each n ≥ 1, m > 1,
• (φ([ 1
N
χn)])n∈ω converges to 0 ∈ X, for every natural N ≥ 1.
We define (E, α, φ,G, c, A) ≤ (E ′, α′, φ′,G ′, c′, A′) if:
(1) E ⊇ E ′
(2) α ≥ α′
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(3) Gn,m ⊇ G
′
n,m for every n ≥ 1 and m > 1
(4) cn,m,g = c
′
n,m,g for each n ≥ 1, m > 1 and g ∈ G
′
n,m
(5) An,m,g ⊆
∗ A′n,m,g for each n ≥ 1, m > 1 and g ∈ G
′
n,m
(6) For every ξ < α′ and a ∈ XE′, φ(a)(ξ) = φ
′(a)(ξ).
Given p ∈ P, we may denote its components by Ep, α
p, φp, Gp, cp and Ap.
If G is a generic filter over P then the generic homomorphism defined by G is the mapping
Φ of domain
⋃
{domφp : p ∈ G} into Tc defined by φ(·)(ξ) =
⋃
{φp(·)(α) : p ∈ G}. In other
words, if p ∈ G, a ∈ XEp and ξ < αp, then Φ(a)(ξ) = φ
p(a)(ξ). 
Of course, we must see that the generic homomorphisms are really well defined
homomorphisms into Tc. We will see later that by assuming CH in the ground model,
P is ω1 closed and has the ω2-c.c., therefore it preserves cardinals and c. We reserve the rest
of this section to prove this fact.
Proposition 4.3. Let e ∈ X be a non-zero element. Then Ce = {p ∈ P : e ∈ XEp, φ
p(e) 6=
0} is open and dense in P.
Proof. Openness is clear. Fix p ∈ P. We will define an extension q ≤ p that is an element
of Ce.
Let Eq = Ep ∪ supp e and αq = αp + 1. Extend φp : XEp → T
αp to a homomorphism
φ : XEq → T
αp using divisibility. Apply Proposition 4.1 with {(n,m, g) : g ∈ Gp,n,m},
{Apn,m,g : g ∈ G
p
n,m} and {c
p
n,m,g : g ∈ G
p
n,m}. Then there exists ρ : XEq → T such that
(1) ρ(e) 6= 0,
(2) for each (n,m, g) with n ≥ 1, m > 1 and g ∈ Gpn,m, there exists Bn,m,g ⊆ A
p
n,m,g
infinite such (ρ([g(k)]))k∈Bn,m,g converges to ρ([c
p
n,m,g]) and
(3) (ρ([n!
S
χn]) : n ∈ ω) converges to 0 ∈ T, for every positive integer S.
Set Gqn,m = G
p
n,m for each n ≥ 1 and m > 1. Set c
q
n,m,g = c
p
n,m,g, A
q
n,m,g = Bn,m,g for each
g ∈ Gpn,m with n ≥ 1, m > 1 and φ
q = φp⌢ρ.
Then q ≤ p and q ∈ Ce. 
Proposition 4.4. For each α < c the set Aα = {p ∈ P : α
p > α} is an open dense subset
of P.
Proof. Fix p ∈ P. If α < αp then p ∈ Aα. So suppose that α ≥ α
p.
We will define q. Set Eq = Ep, αq = α + 1, G
q
n,m = G
p
n,m, c
q
n,m,g = c
p
n,m,g, A
q
n,m,g = A
p
n,m,g.
Let ρ : XEp −→ {0}
[αp,αq [ and φq = φp⌢ρ.
Then q ≤ p and q ∈ Aα. 
Proposition 4.5. The partial order P is ω1-closed.
Proof. Fix a decreasing sequence (pt : t < ω). Write pt = (E
t, αt, φt,Gt, cξ, At). We define a
common extension r as follows:
Let Er =
⋃
{Et : t < ω}, Grn,m =
⋃
{Gtn,m : t ∈ ω} for each n ≥ 1 and m > 1. For each
n ≥ 1, m > 1 and g ∈ Grn,m, define c
r
n,m,g = c
t
n,m,g for some (every) t such that g ∈ G
t
n,m (the
value does not depend of t). Fix Arn,m,g a pseudointersection of {A
t
n,m,g : g ∈ Gpt,n,m}.
Let αr = sup{αt : t < ω}
Given ξ < α and a ∈ XEr =
⋃
t<ωXEt , let φ(a)(ξ) = φ
t(a)(ξ) for some (every) t such that
a ∈ XEt and α
t > ξ. 
Proposition 4.6. The partial order P has the c+-cc.
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Proof. Fix an arbitrary subset Q of P of cardinality c+. We show that there Q has a subset
of c+-many pairwise compatible elements.
Fix Q0 ⊆ Q of cardinality c
+ and α < c such that αp = αq for every p, q ∈ Q0.
Using the ∆-system Lemma, there exists Q1 ⊆ Q0 of cardinality c
+ such that {Ep : p ∈
Q1} is a ∆-system of root E˜. Furthermore, using the fact that E˜
ω has cardinality at most
c, it follows that there exists Q2 ⊆ Q1 of cardinality c
+ such that φp|X
E˜
= φq|X
E˜
for every
p, q ∈ Q2.
For each p ∈ Q2, let J
p = {(n,m, g) : n,m ≥ 1, g ∈ Gpn,m} for each p ∈ Q2. Using the
∆-system Lemma, we can find Q3 ⊆ Q2 of cardinality c
+ such that {Jp : p ∈ Q3} is a delta
system of root J˜ .
Notice that XJ˜
E˜
has cardinality c, so there exists Q4 ⊆ Q3 of cardinality c
+ such that
for every p, q ∈ Q4 and (n,m, g) ∈ J˜ = J
p ∩ Jq, cpn,m,g = c
q
n,m,g. Similarly, since ([ω]
ω)J˜
has cardinality c, there exists Q5 ⊆ Q4 of cardinality c
+ such that for every p, q ∈ Q5 and
(n,m, g) ∈ J˜ = Jp ∩ Jq, Apn,m,g = A
q
n,m,g.
Given p, q ∈ Q5, a common extension is given by the element r whose components are
defined as follows: Er = Ep ∪ Eq, αr = αq = αp, Grn,m = G
p
n,m ∪ G
q
n,m, A
r
n,m,g = A
s
n,m,g and
crn,m,g = c
s
n,m,g if (n,m, g) ∈ J
s (where s ∈ {p, q}).
To define φr, notice that XEp\E˜ ⊕XE˜ ⊕XEq\E˜ . Let π0 : XEr → XEp\E˜ , π1 : XEr → XE˜,
π2 : XEr → XEq\E˜ be the projections. Define φ
r = φp ◦ π0 + φ
p ◦ π1 + φ
q ◦ π2 =
φp ◦ π0 + φ
q ◦ π1 + φ
q ◦ π2. 
Proposition 4.7. Let g be sequence of one of the types of X and m > 1. If g is of types 1
to 10, let n = 1. If g is type 11, let or n the order of g. Then Sn,m,g = {p ∈ P : g ∈ G
p
n,m} is
open and dense in P.
Proof. Let p ∈ P be an arbitrary condition. Fix E countable such that Ep ⊆ E and
g(k) ∈ XE for each k ∈ ω.
Fix µ ∈ Cn,m \E. We set E
q = E ∪{µ}. For each (m′, n′) 6= (m,n) with m′, n′ ≥ 1, define
Gqn′,m′ = G
p
n′,m′ and G
q
n,m = G
p
n,m ∪ {g}. Set α
q = αp.
For every n′ ≥ 1, m′ > 1 and g′ ∈ Gp,n′,m′ \ {g}, define c
q
n′,m′,g′ = c
p
n′,m′,g′ and
Aqn′,m′,g′ = A
p
n′,m′,g′. It remains to define c
q
n,m,g and A
q
n,m,g. Let c
q
n,m,g =
1
n
χ(µ,0) if n > 1
and χµ if n = 1.
Extend φp : XEp → T
αp to φ : XE → T
αp using divisibility. Now, let A ⊆ ω be an infinite
such that the sequence (φ([g(k)]) : k ∈ A) is convergent, as Tα
p
is a compact metric space.
Extend φ to a homomorphism φq : XEq → T
αp such that φq([cq,n,m,g]) = lim(φ([g(k)]) : k ∈
A). Set Aqn,m,g = A. Then q ≤ p and q ∈ Sn,m,g. 
Theorem 4.8. Assume CH in the ground model V. Then P preserves cardinals, c and does
not add reals. If G is generic over P, then the G-generic homomorphism Φ is a well defined
injective homomorphism from X into Tc. Moreover, the following holds:
(1) For every sequence g of one of the types from 1 to 10 in X and m ≥ 1, there exists
µ ∈ C1,m such that [χµ] is an accumulation point of (Φ([g(k)]) : k ∈ ω)
(2) For every sequence g of type 11 and order n in X and for every m ≥ 1, there exists
µ ∈ Cn,m such that [
1
n
χµ,0] is an accumulation point of (φ([g(k)]) : k ∈ ω).
(3) (Φ([ 1
N
χn)])n∈ω converges to 0 ∈ X, for every natural N ≥ 1.
Proof. By CH, propositions 4.5 and 4.6, P is ω1 closed and has the ω2 chain condition, so
P preserves cardinals, does not add reals and preserves c. Notice that since being a type
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is absolute for transitive models of ZFC, the functions of type 1 to 11 are the same in the
ground model and in the extension.
Let G be a P-generic filter and Φ the associated generic homomorphism.
Φ is well defined: suppose p, q ∈ G, ξ < αp ∩ αq and e ∈ XEp ∩XEq . We must see that
φp(e)(ξ) = φq(e)(ξ). Since G is a filter, there exists r such that r ≤ p, q, so ξ < αr, e ∈ XEr
and φp(e)(ξ) = φr(e)(ξ) = φq(e)(ξ)
Now we verify that the domain of Φ is X, that the codomain is Tc and that Φ is injective
at the same time. It is clearly that the domain contained in X. Let e 6= 0 be an element
of X and α < c. By propositions 4.3 and 4.4, Ce and Aα are open and dense subsets of P,
therefore there exists p ∈ G such that αp > α e ∈ XEp, φ
p(e) 6= 0. So there exists ξ < αp
such that φp(e)(ξ) 6= 0, which implies that Φ(e)(ξ) 6= 0. Moreover, α ⊆ domΦ(e) ⊆ c. Since
α is arbitrary, domΦ(e) = c.
Φ is an homomorphism: given e, e′ ∈ X, by 4.3 there exists p ∈ G such that e, e′, e + e′ ∈
XEp. Since φ
p is an homomorphism, it follows that Φ(e+ e′) = φp(e+ e′) = φp(e) + φp(e′) =
Φ(e) + Φ(e′).
Let g be a type and m > 1. If g is of type 1 to 10, let n = 1. If g is type 11, let n be the
order of g. Then by Proposition 4.7, there exists G ∩ Sn,m,g. Fix p in this intersection. We
claim Φ(cp,n,m,g) is an accumulation point of Φ([g]).
We know φp(c
p
n,m,g) is the limit of the convergent sequence (φp([g(k)]) : k ∈ A
p
n,m,g).
Fix F a finite subset of c and let α such that F is a subset of α. Let q ≤ p such that
α < αq (which exists since Aα+1 ∩ G 6= ∅). Then (πF ◦ Φ([g(k)]) : k ∈ A
q
n,m,g) converges to
πF ◦ Φ(c
q
n,m,g). Since c
q
n,m,g = c
q
p,n,m,g, this concludes that Φ(c
p
n,m,g) is an accumulation point
of (Φ([g(k)]) : k ∈ ω).
It remains to see that (Φ([n!
S
χn]) : n ∈ ω) is a convergent sequence in 0 ∈ T
ω1 . Let ξ < c.
Let p ∈ G such that αp > ξ. Then (πξ ◦ Φ([
n!
S
χn]) : n ∈ ω) = (πξ ◦ φp([
n!
S
χn]) : n ∈ ω)
converges to 0. Since ξ is arbitrary, we are done. 
4.2. The subspace topology on large subgroups of X. Of course, not every subgroup
of X is countably compact with the forced topology. However, some of them are if they have
enough accumulation points. Thus, we define the concept of large subgroup of X.
Definition 4.9. Let H be a subgroup of X. Let D be the set of all integers n > 1 such that
H contains an isomorphic copy of the group Z
(c)
n .
We say that H is a large subgroup of X if 2c ≥ |G| ≥ r(G) ≥ c, for all d, n ∈ N with d | n
the group dG[n] is either finite or has cardinality at least c and there exist (kn : n ∈ D) with
kn a positive integer such that:
i) {χµ ∈ X : µ ∈ C1} ⊆ H , and
ii) {[ 1
n
χ(µ,0)] ∈ X : n ∈ D, µ ∈ ∪n∈DCn,kn} ⊆ H .

Theorem 4.10. Consider X with the group topology in Theorem 4.8. If H is a large
subgroup of X, then it is countably compact in the subspace topology and has convergent
sequences.
Proof. It follows from Theorem 4.8 that if S is a positive integer, then the sequence(
1
S
n!χn : n ∈ ω
)
converges to the neutral element of X. Since both the elements of the
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sequence is eventually in H and the limit is in H , it follows that H has non-trivial convergent
sequences.
Let g : ω → H . Take any g˜ : ω → X such that [g˜] = g. It follows from Proposition 3.1
that there exist h : ω → X such that h ∈ HH or [h] is a constant in H , c ∈ X with [c] ∈ H ,
F ∈ [ω]<ω, pi, qi ∈ Z with qi 6= 0 for every i ∈ F , (ji : i ∈ F ) increasing enumerations of
subsets of ω and j : ω → ω strictly increasing such that
g˜ ◦ j = h+ c +
∑
i∈F
pi
qi
f ◦ ji
with qi ≤ ji(n) for each n ∈ ω and i ∈ F , where f : ω → X is given by f(n) = n!χn for
every n ∈ ω.
In the case where [h] is constant, say constantly v ∈ X, we have that g ◦ j = [g˜] ◦ j =
[g˜ ◦ j] = v + [c] +
∑
i∈F [
pi
qi
f ◦ ji]) converges to v + [c].
In the case h ∈ HH and h is type 11 of order n, then H contain infinitely many copies of
Zn. Thus, by hypothesis, n ∈ D. Since n ∈ D, it follows from HH ⊆ H that (h(k) : k ∈ ω)
has an accumulation point [ 1
n
χµ,0] with µ ∈ Cn,kn. Hence, an accumulation point of h in H .
Thus the sequence (g ◦ j(k) : k ∈ ω) has an accumulation point in [ 1
n
χµ,0] + [c] in H .
In the case h ∈ HG and h is type 1 to 10, it follows from HG ⊆ H that (h(k) : k ∈ ω) has
an accumulation point [χµ] with µ ∈ C1. Hence, an accumulation point of h in H . Thus the
sequence (g ◦ j(k) : k ∈ ω) has accumulation point [χµ] + [c] in H . 
5. The classification of Abelian groups of cardinality 2c.
5.1. Immersions. We change slightly the statement and the notation of Proposition 6.1.
in [1] to facilitate the application, but it is implicit in the proof in [1].
We define A = (Q/Z)(P0) ⊕Q(P1) ⊕U.
Definition 5.1. We say that W is a nice subgroup of Wc if there exists a family of positive
integers (nξ)ξ∈P0 such that
W = (Q/Z)(
⋃
ξ∈P0
{ξ}×nξ) ⊕ Q(P1). For this W we denote ~P0 = (
⋃
ξ∈P0
{ξ} × nξ), so
W = (Q/Z)(
~P0) ⊕Q(P1). 
Proposition 5.2. Let H be an Abelian group such that |H| = r(H) = c with H a subgroup
of Ac.
Let D be the set of all integers n > 1 such that H contains an isomorphic copy of the
group Z
(c)
n .
Then there existW a nice subgroup of Wc, K1 ∈ [P1]
c with ω ⊆ K1, a family (Kn : n ∈ D)
of pairwise disjoint elements of [P0]
c, a family (zξ : ξ ∈
⋃
n∈DKn) and a group monomorphism
φ : Ac →W such that:
a) {χξ ∈WP1 : ξ ∈ K1} ⊆ φ[H ],
b) {zξ ∈WP0 : ξ ∈ ∪n∈DKn} ⊆ φ[H ],
c) o(zξ) = n, ∀ξ ∈ Kn, n ∈ D and
d) supp zξ ⊆ {ξ} × ω ∀ξ ∈ ∪n∈DKn.
We say that φ is a nice immersion for H . 
This proposition follows from Proposition 6.1. of [1]: Wc is naturally isomorphic to the
group W that appears in [1], and this natural isomorphism preserves the nice subgroups
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defined in that article. Finally, W is divisible, so we can extend the isomorphism that
Proposition 6.1. gives us to the whole group Ac.
Proposition 5.3. Let H be an Abelian group such that 2c ≥ |H| ≥ r(H) ≥ h.
Let D be the set of all integers n > 1 such that H contains an isomorphic copy of the
group Z
(c)
n .
Then there exists a family (kn : n ∈ D) of positive integers and a group monomorphism
ϕ : H → X such that:
i) {χµ ∈ XP1∪R1 : µ ∈ C1} ⊆ ϕ[H ], and
ii) {[ 1
n
χ(µ,0)] ∈ XP0∪R0 : n ∈ D, µ ∈ ∪n∈DCn,kn} ⊆ ϕ[H ].
Thus, G is isomorphic to a large subgroup of X.
Proof. By theorems 1.8 and 1.9, we may consider H is a subgroup of A. Then we can fix a
subgroup H˜ of H of cardinality c such that r(H˜) = c and for every n ∈ D, there exists a copy
of (Zn)
c in H˜. By a trivial permutation of coordinates we can assume that H˜ is a subgroup
Ac. Applying Proposition 5.2, there existW a nice subgroup of Wc, K1 ∈ [P1]
c with ω ⊆ K1,
a family (Kn : n ∈ D) of pairwise disjoint elements of [P0]
c, a family (zξ : ξ ∈
⋃
n∈DKn) and
a group monomorphism φ : Ac →Wc =WP0 ⊕WP1 such that:
a) {(χξ ∈WP1 : ξ ∈ K1} ⊆ φ[H˜],
b) {zξ ∈WP0 : ξ ∈ ∪n∈DKn} ⊆ φ[H˜],
c) o(zξ) = n, ∀ξ ∈ Kn, n ∈ D and
d) supp zξ ⊆ {ξ} × ω, ∀ξ ∈ ∪n∈DKn.
We can shrink Kn if necessary to find kn positive integer such that
e) | supp zξ| = kn, for each n ∈ D and ξ ∈ Kn .
By making some permutation within each {ξ} × kn we can further assume that
f) supp zξ = {ξ} × kn for each n ∈ D and ξ ∈ Kn.
Define W =Wc ⊕U.
We can assume that φ : Ac → W and extend it to φ : A = Ac ⊕U → W = Wc ⊕U,
using the identity on U.
Fix σn a bijection between Kn and Cn,kn for each n ∈ D and σ1 a bijection between K1
and C1 with σ1(k) = k for every k ∈ ω.
Define η : W −→ X an injective homomorphism such that
- η : W{ξ}×kn → X{σn(ξ)}×kn is an isomorphism with η(zξ) = [
1
n
χ(σn(ξ),0)] for each n ∈ D
and ξ ∈ Kn (this is possible by condition f)),
- η([χξ]) = [χσ1(ξ)] for each ξ ∈ K1,
- η restricted to U is the identity.
Now, let ϕ = η◦φ|G. The homomorphism is an embedding, since both η an φ are injective
homomorphisms.
Applying η in a) it follows that {η(χξ) ∈ η[Wc] ⊆ η[W] : ξ ∈ K1} ⊆ ϕ[H˜].
Therefore, {χµ ∈ X : µ ∈ C1} ⊆ ϕ[H˜] ⊆ ϕ[H ] and i) holds.
Likewise, condition ii) holds. 
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5.2. The classification.
Theorem 5.4. Consider X with the topology from Theorem 4.8. Let H be a group such
that 2c ≥ |H| ≥ r(H) = c and for all d, n ∈ N with d | n, the group dG[n] is either finite
or has cardinality at least c. Then H admits a countably compact group topology with a
non-trivial convergent sequence.
Proof. By Proposition 5.3, the group H is isomorphic to a large subgroup of X therefore
by Theorem 4.10, H admits a countably compact group topology with a convergent
sequence. 
We can now (consistently) answer Dikranjan and Shakhmatov’s question for Abelian
groups of cardinality ≤ 2c.
Corollary 5.5. Consider the forcing model in Theorem 4.8
Let H be a non-torsion Abelian group of size at most 2c. Then the following are equivalent
1) (⋆) 2c ≥ |H| ≥ r(H) = c and for all d, n ∈ N with d | n, the group dH [n] is either finite
or has cardinality at least c;
2) H admits a countably compact Hausdorff group topology
3) H admits a countably compact Hausdorff group topology with non-trivial convergent
sequences.
Proof. If H admits a countably compact group topology then condition (⋆) is satisfied in
ZFC. Then 2) implies 1).
By Theorem 5.4, if H satisfies (⋆) then 3) holds.
Finally 3) implies 2) is obvious. 
6. Some comments and questions
So far, the forcings that have been used in constructions of countably compact groups
with some particular properties were the Cohen model, the Random model [20] for groups
of cardinality c and a variation of forcing to construct Kurepa trees [15], [22], [24], [7] and
[9] for groups of cardinality at most 2c.
The use of selective ultrafilters for countably compact groups with some property started
for groups of cardinality c ([26],[13]), then for groups of cardinality 2c ([16], [23]). To obtain
larger examples, we have used p compactness and the existence of basis in the ultrapower of
a direct sum of torsion groups of bounded order [8] or the direct sum of Q’s [3].
Apparently, selective ultrafilters are not enough to produce a classification of countably
compact groups of cardinality 2c. Thus, it seems that the best chance to classify the large
Abelian groups that admit a countably compact group topologies is through some other type
of forcing.
Problem 6.1. What other types of forcing can generate countably compact groups with
some property of interest?
Further questions in ZFC that are still open after the breakthrough in M. Hrusak, U. A.
Ramos-Garcia, J. van Mill and S. Shelah [19] are:
Problem 6.2. Is there a countably compact group topology on the free Abelian group of
cardinality c in ZFC (with/without non-trivial convergent sequEnces)?
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Tomita [25] showed in ZFC that if there exists a non-torsion countably compact Abelian
group without non-trivial convergent sequences then there exists a countably compact free
Abelian group without non-trivial convergent sequences.
As it was the case for the classification obtained by Dikranjan and Tkacheko [11], an
answer to the question above is the first step for the following:
Problem 6.3. Classify in ZFC the Abelian groups of cardinality c that admit a countably
compact group topology.
The existence of a countably compact free Abelian group of cardinality c without non-
trivial convergent sequences implies the existence of Wallace semigroups (a countably
compact both-sided cancellative semigroup that is not algebraically a group). From the
existence of a countably compact group topology without non-trivial convergent sequences
in ZFC, it is natural to try to answer the following question due to Wallace:
Problem 6.4. Is there a Wallace semigroup in ZFC?
The known examples of Wallace semigroups are under CH [17], Martin’s Axiom for
countable posets [21], c incomparable selective ultrafilter [16] and a single selective ultrafilter
[5]. Only the one in [21] was not obtained as a semigroup of a countably compact free Abelian
group without non-trivial convergent sequences.
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